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Abstract. In this short note, we discuss the monotonicity of the first eigen- 
value of the Laplacian operator to the Ricci-Hamilton flow on a compact or a 
complete non-compact Riemannian manifold. 



Let (M, <7o) be a compact or a complete non-compact Riemannian mani- 
fold. We study the Ricci-Hamilton flow of a family of Riemannian metrics 
{g(t)} with <?(0) = go,0 < t < T. Let g = git). In the local coordinates 
(x l ), we write 

g = gijdx l dx 3 ' . 

By definition, the Ricci-Hamilton flow is defined by the evolution equation: 

d t9ij = -2Rij, on M T := M x [0, T) 

where Rij is the Ricci tensor of the metric g := git) and T is the maximal 
existing time for the flow. In 2 , R.Hamilton proved the local existence of 
the flow for the compact manifold case. His argument is much simplified 
by De Turck pQ. When (M, go) is a a complete non-compact Riemannian 
manifold with bounded geometry, W.X.Shi [5] obtained the local existence 
result for the flow. 

We study the monotonicity property of the first eigenvalue of the Lapla- 
cian operator A := A ff ( t ) of the evolving metric (git)) along the Ricci- 
Hamilton flow. More precisely, let D be a compact domain with smooth 
boundary in the manifold M. Let / := f(x,t) be the first eigen-function of 
A. Then we have 

-Af = fAf, in D, (1) 
with Dirichlet boundary condition 

/ = 0, on dD 

where \i := Ai(L>) > is the corresponding first eigen- value of A. We can 
normalize / such that 

/ fdv = l. (2) 
Jd 

Here dv is the volume form of the metric g = g(t). 

We will use the following conventions: For F = Fit) being a quantity 
on D, we let F' be the derivative with respect to the time variable t and 
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let Fi, Fij, Fij-k, etc, be the covariant derivatives of F with respect to the 
Levi-Civita connection of the metric g. We also assume that when D = M 
is compact, we impose the natural condition that J M fdv = 0. We abuse 
the upper or lower indexes in this paper when their meanings are clear. We 
write D T for D x [0,T). 
Differentiating (1), we get 

—A'f - Af' = fjff + fif'. on D, (3) 

Multiplying both sides of (3) by / and integrating over D, we have 

- J A'f-f- J Af.f = »' + v J f'f. (4) 

Note that 

-f'Af = nf'f, on D. 

Then we have 

y! = -\ A7/ 

Hence using (7) in the appendix we obtain that 

= 2 j Rijfijf- 

If n = 2, then we have 



Rij — ^Rdij-i 



and 

// = J RAf-f = -nJ fRdv < 0, 

provided R > 0. 

In the case when M is a closed surface and R > C > for some uniform 
constant C, we have 

(log M )'<-C. 
It is also clear that when R < 0, we have 

y! = ! RAf ■ f = -n ! fRdv > 0. 
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When n > 3, we notice that 

J Rijfijf = ~J(Rijf)jf l 



J Rij;jffi Jltijfi fj 
= ~ 2 J Rifif - J Rij f if j 
= 2 j R(fif)i ~ J Rijfifj 

= \ J RAff + \J R\Vf\ 2 - J A',/,./- 

= ZEjRf-j ( Rij - %)f,f r 
Here we have used the contracted second Bianchi identity 

^Rij;j = Ri- 

Therefore, we have proved the following result: 

Main Theorem . Let g = g{t) be the evolving metric along the Ricci- 
Hamilton flow with g(0) = go being the initial metric. Let D be a smooth 
bounded domain in (M,go). Let fi > be the first eigen-value of the Lapla- 
cian operator of the metric g(t). If the scalar curvature R > and non- 
trivial in Dt and the Einstein tensor 

R 

:= R^ - —g^ > 0, in D T , 

then we have fi' < 0, that is to say, is strictly decreasing along the Rici- 
Hamilton flow. On the contrary, if the scalar curvature R < in Dt and 
the Einstein tensor 

Eij < 0, in D T , 

then we have // > 0. 

1. APPENDIX 

Given a Riemannian manifold (M n ,g). In the local coordinates (x l ), we 
write 

g = gijdx l dx 3 . 

Let u be a smooth function. Then the Laplacian of u is defined by 



where 

(g ij ) = {gijT 1 

is the inverse of the matrix (gij) and \g\ = det(gij). 
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For convenient of readers, we review some facts about Ricci-Hamilton 
flow. Recall that the metric g = g(t) satisfies the Ricci-Hamilton flow: 

dt9ij = ~2Rij, on M T . 

Along this flow, we have 

dtdv = —Rdv, (5) 

where dv is the volume element and R is the scalar curvature of the metric 
g{t) respectively. For smooth functions u and v with compact support, we 
have by a use of the divergence theorem that 

f g « UiVjdv = -jAuvdv. 

Differentiating both sides of this equation and using (5) we have 

2 J RijUiVj — J RuiVi = — J A'uv + J Au ■ vR. (6) 

Since 

fR Ui v i = J(Ru i ) iV = jR iUiV + jRvA U , 

2 J RijUiVj + J (VR,Vu)v = J A'uv. 

As before, using integration by part and using the contracted second Bianchi 
identity, we obtain that 

J RijUiVj = -i j (VR, Vu) v - J RijUijV. 

Combining this with (6) we get 

A'uv = —2 J RijUijV. 

Hence we have the variation formula for the Laplacian operator to the Ricci- 
Hamilton flow: 

A'u = —2RijUij. (7) 
In particular when n = 2, we have 



we have that 



Rij — r. Rdij ■ 



For more material about Ricci-Hamilton flow, one may see [3] and 
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